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MULTIPLE POSITIVE SOLUTIONS OF A (pi,p2)-LAPLACIAN SYSTEM 

WITH NONLINEAR BCS 

FILOMENA CIANCIARUSO AND PAOLAMARIA PIETRAMALA 


Abstract. Using the theory of fixed point index, we discuss existence, non-existence, localiza¬ 
tion and multiplicity of positive solutions for a (pi,p 2 )-Laplacian system with nonlinear Robin 
and/or Dirichlet type boundary conditions. We give an example to illustrate our theory. 


1. Introduction 

In the remarkable paper [39] Wang proved the existence of one positive solution of following 
one-dimensional p-Laplacian equation 

(1.1) {ipp{u')y{t) + g{t)f{u{t)) = 0, t G (0,1), 

subject to one of the following three pair of nonlinear boundary conditions (BCs) 

u'(0) =0, u(l) + Ri (u'(l)) =0, 

n(0) = Bo (u (0)) , n (1) = 0. 
u(0) = Bo (u'(0)) , u(l) -b Bi (u (1)) = 0. 

The results of [39] were extended by Karakostas [23] to the context of deviated arguments. 
In both cases, the existence results are obtained via a careful study of an associated integral 
operator combined with the use of the Krasnosel’skii-Guo Theorem on cone compressions and 
cone expansions. 

The Krasnosel’skii-Guo Theorem, more in general, topological methods are a commonly used 
tool in the study of existence of positive solutions for the p-Laplacian equation (jl.ip subject to 
different BCs. This is an active area of research, for example, homogeneous Dirichlet BCs have 
been studied in [iiisiiiniissiEiiEziiiaiiT!, homogeneous Robin BCs in jsmiaiiT!, non local 
BCs of Dirichlet type in |3l SI [6l [3 |9l [HI [HI |39l SD EH] and nonlocal BCs of Robin type in 

[HIMIISSSQISSIIIH]. 

Here we study the the one-dimensional (pi,p 2 )-Laplacian system 
^ 2) iv>piiu')y{t)+=0, tG(0,l), 

i‘Pp 2 W)y{t) + g 2 {t)f 2 {t,u{t),v{t)) =0, t£ (0,1), 

with (ppi(w) = \ subject to the nonlinear boundary conditions (BCs) 

(1.3) u'(0) = 0, u(l) + Bi(n'(l)) =0, u(0) = B 2 (u'(0)) , u(l) = 0. 
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The existence of positive solutions of systems of equations of the type (na) has been widely 
studied, see for example [HI |28l [29l HI] under homogeneous Dirichlet BCs and [HI [22l [Ml EH US] 
with homogeneous Robin or Neumann BCs. For earlier contributions on problems with nonlinear 
BCs we refer to [IIlliailSlIIZlIIHliniEOlHaiMlIMlESI and references therein. 

We improve and complement the previous results in several directions: we obtain multiplicity 
results for (pi,p 2 )-Laplacian system subject to nonlinear BCs, we allow different growths in the 
nonlinearities /i and /2 and we also discuss non-existence results. Finally we illustrate in an 
example that all the constants that occur in our results can be computed. 

Our approach is to seek solutions of the system (ll.2l) - (ll.3p as fixed points of a suitable integral 
operator. We make use of the classical fixed point index theory and benefit of ideas from the 
papers [Him [231 [39]. 


2. The system of integral equations 

We recall that a cone R in a Banach space W is a closed convex set such that Ax € iF for 
X G iF and A > 0 and K n (—iF) = {0}. 

If Q is a open bounded subset of a cone K (in the relative topology) we denote by Q. and 5F2 
the closure and the boundary relative to K. When is an open bounded subset of X we write 
= n n iF, an open subset of iF. 

The following Lemma summarizes some classical results regarding the fixed point index, for 
more details see mm- 


Lemma 2.1. Let fi he an open bounded set with 0 G LIk o-nd Qk 7^ iF. Assume that F : LIk 
K is a compact map such that x ^ Fx for all x G dLlx- Then the fixed point index ixiF, LIk) 
has the following properties. 

(1) If there exists e G iF \ {0} such that x Fx + Ae for all x G dLlx and all A > 0, then 
ixiF, LIk) = 0 . 

(2) If fix 7 ^ Fx for all x G dUx and for every /r > 1, then ix^F, Qx) = 1- 

(3) If ix{F,Llx) 0, then F has a fixed point in Llx- 

(4) Let be open in X with C Llx- If ix{F,Llx) = 1 and ix{F,Ll]^) = 0, then F has 

a fixed point in Qx \ ^x- The same result holds if ix{F, Qx) = 0 and ix{F, Ll]^) = 1. 


To the system (11.2[) - (11.3p we associate the following system of integral equations, which is 
constructed in similar manner as in [39], where the case of a single equation is studied. 


( 2 . 1 ) 


L’fii 5i('r)/i(T,u(T),u(r))dr^^ , 0 < t < 1, 


v{t) = < 


fo (//“’” 92{T)f2{r, u{T),v{T))dT) ds 

+B2 {ifpj (fg"’" 52(T)/2(T,u(r),u(r)) dr)) , 0 <t < au,v, 

Jt 52(r)/2(r, u(r), i;(T))dr) ds, au,v <t<l, 



(pi, P2 )-LAPLACIAN SYSTEM 


3 


where (pp^{w) = \ w\Pi~'^ sgn w and au,v is the smallest solution x G [0,1] of the equation 


'Vi 

nx 




52 ('r)/ 2 (T,u(T),u(r))dT ds + S2 


^P2 


ff2(r)/2(T,u(T),u(r))dr 


= J yj 92{T)f2{r,u{T),v{T))dTjds. 

By a solution of ()1.2l) - ()1.3p . we mean a solution of the system (|2.ip . 

In order to utilize the fixed point index theory we state the following assumptions on the 
terms that occur in the system m- 

(Cl) For every i = 1,2, fi : [0,1] x [0, 00 ) x [0,oo) —[0, 00 ) satisfies Caratheodory conditions, 
that is, fi{-,u, v) is measurable for each fixed {u, v) and fi{t, ■, •) is continuous for almost 
every (a.e.) t G [0,1], and for each r > 0 there exists 4>i^r £ F°°[0,1] such that 

fi(t,u,v) < for u,vG[ 0 ,r] and a. e. t G [0,1]. 

(C2) gi G L^[0,1], 51 > 0 and 


0 < y diir) drj ds < + 00 . 


(C3) 52 € L^[0,1], 52 > 0 and 

M/2 


( 2 . 2 ) 


0 < 


i 


52(r)drj ds + J ^ (p. 


-1 

P2 


I 1/2 


52 (r)dr ds < + 00 . 


(C4) For every i = 1,2, Bi : 
that 

Remark 2 . 2 . The condition 
(2.3) 0< j 

In fact, for example, the function 


is a continuous function and there exist hn, hi 2 > 0 such 


hii V < Bi{v) < hi 2 V for any u > 0. 


is weaker than the condition 


-i 


9^P2 


M 


52 (T)dT I ds < + 00 . 




i, t G (1/2,1], 


satisfies ( 12 . 21 ) but not satisfies O. 


Remark 2 . 3 . From (C2) and (C3) follow that there exists [ai, 61] C [0,1) such that gi(s) ds > 
0 and there exists [ 02 , 62 ] C (0,1) such that 52 (s) ds > 0. 

We work in the space C[0,1] x C[0,1] endowed with the norm 

||(rt,i;)|| := max{||tt||oo, ||u||oo}, 

where ||rc||oo := max{|t(;(t)|,t G [0,1]}. 

Take the cones 

Ki := {tc G C[0,1] : tc > 0, concave and nonincreasing}, 

K 2 '■= {w G C[0,1] : rc > 0, concave}. 
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It is known (see e.g. [39]) that 

• for le G Ki we have > (1 — t)||t(;||oo, for t G [0,1]; 

• for t(; G K 2 we have wit) > niin{t, 1 — t}||rt;||oo, for t G [0,1]. 

It follows that the functions in Ki are strictly positive on the sub-interval [a^, 5j] and in particular 
we have 

• for tc G Ki we have min w(t) > (1 — 6 i)||t(;||oo; 

te[o,fei] 

• for tc G K 2 we have min w{t) > min{a 2 ,1 — 62 }||'R'||oo- 

te[a2,b2] 

In the following we make use of the notations: 

Cl := 1 - 61, C2 := min{a2,1-62}- 
Consider now the cone K in C[0,1] x C[0,1] defined by 

K := {{u,v) G Ki X K 2 }. 

For a positive solution of the system (EH) we mean a solution (u, v) £ K oi EID such that 
||(tt,u)|| > 0. We seek such solution as a fixed point of the following operator T. 


Consider the integral operator 


(2.4) 


T{u,v){t) 


Ti{u,v){t) \ 

T2{u,v){t) J ’ 


where 

Ti(u,v)(t) := 9 i{T)fi{T,u{T),v{T))dT^ ds+Bi(^(p~^{ c/i(T)/i(r, u(r), u(t)) dr)^ 

and 


T2{u,v){t) 


lo ^P2 52(r)/2(r, u(r), u(r))dr) ds 

+B2 {Jq"''’ g2{T)f2iT,u{T),v{T)) dr)) , 0 <t<au 

Jt y^P2 {lL,v 92{T)f2{r, n(r), u(T))dr) ds, au,v <t<l, 


From the definitions, for every (u, v) £ K we have 


max T 2 (u,u)(t) = T 2 {u,v){au,v)- 

tg[0,l] 

Under our assumptions, we can show that the integral operator T leaves the cone K invariant 
and is compact. 


Lemma 2 . 4 . The operator (12.41) maps K into K and is compact. 

Proof. Take {u,v) £ K. Then we have T{u,v) £ K. Now, we show that the map T is compact. 
Firstly, we show that T sends bounded sets into bounded sets. Take (n, v) £ K such that 
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||(u, ?;)|| < r. Then, for all t E [0,1] we have 

Ti{u,v){t) = gi{T)fi{T,u{T),v{T))dT^ ds + Bi 5i(r)/i(r,u(r),n(r))* 

- / (/ 5i('r)(/'i,r(T)dr^ ds + hi2g:>pl (^j 5i(r)/i(T, w(t), r;(r))(i'/ 

9liT)4>l,riT)dT] ds + hu^Pp^ { / gi{T)(pl^riT)dT 


< 


< 


L (/ 5 i('r)</'i,r(T)dr^ ds + {^j 5 i('r)</'i,r(T)dr^ < Too. 


We prove now that Ti sends bounded sets into equicontinuous sets. Let ti,t 2 G [0)1]) < ^ 2 , 

{u,v) E iL such that ||(u,u)|| < r. Then we have 

ft2 


\Ti{u,v){ti) - Ti{u,v){t2)\ = 


^pi 


5i('r)/i('r,u(T),u(r))dr ds 


< 


/>-'(/■ 


fl'i('r)</>i,r(T)dr ds 


= Crlh - t2\. 


Therefore we obtain |Ti(tt,u)(ti) — Ti{u,v){t 2 )\ —>• 0 when ti t 2 - By the Ascoli-Arzela 
Theorem we can conclude that Ti is a compact map. In a similar manner we proceed for 
T 2 {u,v). 

Moreover, the map T is compact since the components Tj are compact maps. □ 


3. Existence results 

For our index calculations we use the following (relative) open bounded sets in K: 
^Pi,P2 = {iu,v) E K : ||u||oo < Pi and ||u||oo < P2} 


and 


lpi,P 2 = {('^*)'f^) ^ ^ < cipi and min v{t) < C 2 P 2 } 

te[ai,bi] t€[a2,b2] 

and if Pi = p 2 = p we write simply Kp and Vp. The set Vp was introduced in m as an extension 
to the case of systems of a set given by Lan m- The use of different radii, in the spirit of the 
paper m, allows more freedom in the growth of the nonlinearities. 


The following Lemma is similar to the Lemma 5 of [10] and therefore its proof is omitted. 
Lemma 3 . 1 . The sets defined above have the following properties: 

• ^Cipi,C2P2 ^ lpi,P2 ^ ^Pl,P2- 

• {wi,W2) E dVp^^p2 iff {wi,W2) E K and min Wi{t) = CiPi for some i E { 1 , 2 } and 

t£[ai,bi] 

min Wj (t) < Cj pj for j i. 

te [cij ,bj] 

• If {wi,W 2 ) E dVp^^p^, then for some i E {1,2} CiPi < Wi{t) < pi for each t E [ai,bi] and 
Il'ii’illcxD < Pii moreover for j i we have ||uij||oo < Pj- 

We firstly prove that the fixed point index is 1 on the set Kpi,p 2 ■ 
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Lemma 3 . 2 . Assume that 

(Ip ) there exist /Oi, /?2 > 0 such that for every i = 1, 2 


(3.1) 




where 


= supj ^ : {t,u,v) E [ 0 , 1 ] X [ 0 ,/ 3 i] x [ 0 ,/ 92 ],|, 

I il (i ’ 


1 

m2 


^P2 


-1 


g 2 {T)dT ds + /i22(^p2 


92{T)dT 


^P2 


g 2 {r)dT ds 


Then iK{T,Kp^^p^) = 1. 


Proof. We show that X{u,v) T{u,v) for every {u,v) E dKp^^^^p^ and for every A > 1; this 
ensures that the index is 1 on Kp.^^p^. In fact, if this does not happen, there exist A > 1 and 
{u,v) E such that A(tt,u) = T{u,v). 

Firstly we assume that ||m||oo = Pi and ||u||oo < P 2 - 
Then we have 


^lo (/ 5i('r)/i(r,n(r),u(r))(iT^^ 

< Tpi 5'i('r)/i(r,n(r),u(r))dr^ ds + hi 2 <p~l gi{T)fi{T,u{T),v{T))dT^ 


= Pi 



aiir) 


fi{T,u{T),v{T)) 

Pi—i 

Pi 


dT)ds + hi2ip. 


Pif 


/i(T,u(T),u(r)) 

9i [T-) -- dr) 


P^i 


Taking t = 0 gives 

Au(0) = Xpi<pi(^J^ i^Io 9i{T-)f^^’^^dT^^ 

= PiTpi\fi^’''^) (i) 5ri(r)dr^^ 

Using the hypothesis m and the strictly monotonicity of (pp^ we obtain Api < pi. This 
contradicts the fact that A > 1 and proves the result. 

Now we assume ||u||oo = P 2 and ||tt||oo < Pi- 
Then we have 


Xp2 = ||T2(?x,i;)||oo = T2{u,v){au,v)- 
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If o'u,v < we have 


A /02 = \\T 2 {u,v)\\oo = T 2 {u,v){au,v) 

/ <^u,v / r^u,v \ / / r<^u,v \ \ 

^P 2 yj 92 {T)f 2 {T,u{T),v{T))dTj ds + B 2 fi( 2 ('r)/ 2 (t, u(t), (r))(iTj j 

lo i^ls ds + /i22<y?P2^ 52(T)/2(r,'u(r), t>(r))d7 

/ (yis rf'S + /i22<^P2^ 5'2(T)/2(r,n(r),7;(T))dr^ 

P - 1 /^ ^ ^/2(T,w(T),^;(r)) ^ 

P2 ^P2 1 92 {t) --dr I 


< 


< 


P^2 


dr j ds + h22 (f '. 


P2 


^^(^)/ 2 (t.«(t).«(t))^^ 




< 


92{r)dTjds + h22^p^(j^ 92{T)dp 


If au,v ^ 2 ’ have 
A/92 = ||r2(M,t>)||oo =T2{u,v){cru,v) 


[ ‘Pp2 ( / 5'2(T)/2(r,u(r),7;(T))(ir j c?s < / <^p2^ ( / 52(r)/2(r,M(r),7;(T))dr j ds 

ds < P2</?P2^(/2^'’^") (^P2^ d2(r)dr^ ds. 


= ^2 I 


f2{T,u{T),v{T)) 


Then, in both cases, we have 

A /32 = ||r2('U,n)||oo = T2{u,v){au,v) < P2<Pp^{f2’^^)^ 



Using the hypothesis m and the strictly monotonicity of ^Pp^ we obtain \p 2 < P 2 - This 
contradicts the fact that A > 1 and proves the result. □ 

We give a first Lemma that shows that the index is 0 on a set Ipi,p 2 - 


Lemma 3.3. Assume that: 

(Ipi^p^) there exist pi, p 2 >0 such that for every i = 1,2 

(3-2) /i,(pi,P2) > 'Ppi{^i)i 

where 

/i,(pi,P 2 ) = inf{ ■ {t,u,v) G [0,6i] X [cipi,pi] X [0,p2]}, 

/2,(pi,P 2) = ™f{ ^ ■■ {t,U,v) G [ 02 , 62 ] X [0,pi] X [c2P2,P2]}, 

P 2 
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i ^ (i) (i) ’ 

and 

i = L.?gfe {/, A.'(/ »(r)<!r)* + 92 (r)<!r)* + '=21*>«‘(£ ®(r)c!r) 

T/ien iK{T,Vp^^p 2 ) = 0 . 

Proof. Let e(t) = 1 for t G [0,1]. Then (e, e) G K. We prove that 

(ti, r;) / r(ti, t;) + A(e, e) for {u,v) G dVp^^p^ and A > 0. 

In fact, if this does not happen, there exist {u,v) G A > 0 such that {u,v) = 

T{u,v) + A(e, e). We examine the two cases: 

Case ( 1 ): cipi < u{t) < pi for t G [0, bi] and 0 < v{t) < p 2 for t G [0,1]. 

Thus for t G [0, bi], we have 



Pi > u{t) 


> 


> 


It (/ 9l{T)fl{T,u{T),v{T))dT^ ds + Bi gi{T)fi{T,u{T),v{T))dT^'^ +A 

It ^I ds + hiip~l(^j^ gi{T)fi{T,u{T),v{T))dT^ + X 

It (.1 (_/! 5'i(T)/i('r,w(T),'(;(r))(iT^ + A 

/ bi / rs 

Ppi ( Jo 


fl{T,u{T),v{T)) __1 f /■'’I ^ ^_^/i(r,t6(r),p(T)) 


pf-' 


-dr ds + pihnp. 


9i{t)- 




dr + A. 


For t = 0 we obtain 


Pi — PlPpi (/l;(PiiP2) ) 



> PlPpi (/l,(pi,p2)) + ^■ 



ds + hii ppj 



+ A 


Using the hypothesis (j3.2h we obtain pi > pi + A, a contradiction. 
Case (2): 0 < u{t) < pi for t G [0,1] and C 2 P 2 < v{t) < p 2 . 

We distinguish three cases: 

Case (i) 0 < au,v < 02 - 
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Therefore we get 


P2>v{(yu,v) = T2{u,v){au,v)+'>^= / ^p2 \ / 52(T)/2(r,n(r),z;(r))dr ds + X 

0'u,v J 

-[ ^P 2 ( [ 92 {T)f 2 {T,u{T),viT))dT] ds + X 
Ja2 \J a2 / 

rb2 / rs 

= ^2 / / 52(r)- 

J a2 0^2 


J 2 {t,u{t),v{t)) 


P2-1 

F 2 


dr ds + A 


a 2 


> P2Pp^ (/ 2 ,(pi,p 2 ) ) ( / V?P 2 ( / 52(r) dr + A > ih,{p^,p2) )j^ + 


CL2 



Using the hypothesis (13.21) we obtain p 2 > P 2 + X, a contradiction. 
Case (ii) au,v > & 2 - 


/ r(^u,v \ 

yj 92 ir)f 2 iT,u{T),v{T))dTjds 


+B 2 p. 


^P2 


> 


= P2 </?; 


52(T)/2(r,u(r),n(T))dr +A 


-1 


/ b2 / ro2 \ / rb2 \ 

¥^P 2 ^ ( / 92 iT)f 2 iT,u{T),v{T))dT\ ds + h 2 i f / ^ 2 (r )/2 (t, n(r), n(r))dr j 

/‘ 


pi-i 

F 2 


dr ds 


+^ 2^21 


-1 ^ ^/2(r,^x(r),^>(r)) 


P2 


52 (r) 


'<22 






dr + A 


> 52V?p2 (/2,(pi,P2) ) / V?; 


&2 


^p 2 


<22 


^2 


-1 


^2(T)dr ) ds + /i 2 i 9 ^p2 


&2 


52(T)dr + A 


<22 


> P2Pp^ (/ 2 ,(pi,P 2 ));^ +A. 


+ A 
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Using the hypothesis (13.21) we obtain /92 > /O 2 + A, a contradiction. 

Case (hi) 02 < (Tu,v < ^ 2 - 

r(^u,v / r^u,v \ 

2/02 > ‘^v{au,v) = 2 A + 2 T 2 {u,v){au,v) = 2 X + J Ij 5 f 2 (r)/ 2 (r,n(r),n(r))(irj ds 


+ ^2 (/?, 


^P2 


[ 52('r)/2(r,n(T),n(r))(ir"j"j + / ^p2 i [ 5'2('r)/2(r,n(r),n(r))dr j ds 

0 / / J ^U.V V '^u.v j 


> 2A + 


r(^u ,v / r<^u,v 

/ ^P2 

f a 2 s 


5 ' 2 ('r)/ 2 (r,n(r),n(r))dr ) ds 

b2 


+ h 2 i (iPp^ ( f g 2 {T)f 2 iT,u{T),v{T))dT\^ + f | f ^ 2 ('r)/ 2 (t,^(t), n(r))dT j ds 

\ \J (12 / / ^ O'u^v \ (X'u^v } 


— 2X + p2 


' a2 

CO'u 


[ ^P2 

J a2 




+ i r"®(r)hUh^ J + C {r 


' a2 




' (^U,V 


' ^u,v 


(^) A(r,u(r).(r)) \ 

1 I 




r^u,v 

> 2A + /32V7p2^(/2,(pi,p2)) J [^J 52(r)drj ds 

/ r<^u,v \ r 62 ( \ 

+ h 2 i^Pp 2 { I g 2 {T)dT]+ / { I ff 2 (F)dr ) ds 

/ t/ (Tti u 


^2 

,- 1 / 




M 2 


> 2A + 2p2¥?p2 (/ 2 ,(pi,p 2 ) )■ 

Using the hypothesis (|3.2p we obtain p 2 > A + p 2 ) a contradiction. 


□ 


Remark 3.4. We point out that a stronger, but easier to check, hypothesis than (|3.2I) is 

fiAPl^P2) ^ ‘Ppii^i)i 


where 


and 




1 1 

= — min 

M 2 2 a2<u<b2 \^ja2 


pu pb2 rs 

Vp^i d 2 (r)dr)ds+ / ifp^\ ff 2 (r)dr)d, 
J s J U J V 


In the following Lemma we exploit an idea that was used in naEu and we provide a result 
of index 0 controlling the growth of just one nonlinearity fi, at the cost of having to deal with a 
larger domain. Nonlinearities with different growths were considered for examples in 

Lemma 3.5. Assume that 

(Ipi p^)* there exist pi,p 2 > 0 such that for some i E {1,2} we have 

(3-3) /«„,„) > Vv.m, 
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where 

fl{pi,P 2 ) = : {t,u,v) G [ai,bi] X [0,pi] x [0,/32]}. 

Then iK{T,Vp^^p^) = 0. 

Proof. Suppose that the condition (|3.3p holds for i = 1. Let {u,v) G dVp^^^p^ and A > 0 such 
that {u, v) = T{u, v) + A(e, e). Thus we proceed as in the proof of Lemma□ 

The proof of the next result regarding the existence of at least one, two or three positive 
solutions follows by the properties of fixed point index and is omitted. It is possible to state 
results for four or more positive solutions, in a similar way as in [26], by expanding the lists in 
conditions ( 55 ),(S' 6 ). 

Theorem 3.6. The system (|2.ip has at least one positive solution in K if one of the following 
conditions holds. 

{Si) Fori = 1,2 there exist pi^n G (0, oo) with pi < n such that [or 

hold. 

{S 2 ) For z = 1,2 there exist pi,ri G (0, 00 ) with pi < CiVi such that ^oM. 

The system (EH) has at least two positive solutions in K if one of the following conditions holds. 

(5 3 ) For i = 1,2 there exist Pi,ri,Si G (0, 00 ) with pi < ri < CiSi such that 

(Iri,r-2) (I°i,s2) 

(5 4 ) For i = 1,2 there exist pi,ri,Si G (0, 00 ) with pi < CiXi and ri < Si such that (Ipj,p 2 )’ 

(Iri,r 2 ) hold. 

The system ()2.1h has at least three positive solutions in K if one of the following conditions 
holds. 

(5 5 ) For i = 1,2 there exist pi,ri,Si,5i G (0,oo) with pi < ri < CiSi and Si < 5i such that 

0 -%,P 2 ) [or (I°,,P 2 ) 1 , 2 )> K,s 2 ) and hold. 

(Sq) For i = 1,2 there exist pi,ri,Si,5i G (0,oo) with pi < CiVi and ri < Si < Ci6i such that 
(Ipi,P2)’ (Iri,r2): ffii,.2) ^old. 

4. Non-existence results 

We now provide some non-existence results for system EH- 


Theorem 4.1. Assume that one of the following conditions holds. 

(1) Fori = 1,2, 

(4.1) fi{t,ui,U 2 ) < ipp.{miUi) for every t G [0,1] and Ui > 0. 

(2) For i = 1,2, 

(4.2) fi{t,ui,U 2 ) > tppi for every t G [ai,bi] and Ui > 0. 

(3) There exists k G {1,2} such that ()4.ip is verified for fk and for j 7 ^ k condition ()4.2I) is 
verified for fj. 
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Then there is no positive solution of the system m in K. 

Proof. (1) Assume, on the contrary, that there exists {u,v) G K such that {u,v) = T{u,v) and 
{u,v) / (0,0). We distinguish two cases. 

• Let be ||tt||oo 7 ^ 0. Then we have 


u{t) = Tpl ( 


0 


5 'i(T)/i(T,n(T),n(r))(iT ) ds + Bi[ ( / 5 i(r)/i(r, u(r), n(T))(ir 


pi / ps 

<mi Ppl 

Jt VO 


gi{T)pp^{u{T))dT ] ds + mihi 2 (Pp^ [ / gi{T)(pp^{u{T))dT 


< mi||u| 


j\-d 


gi{T)dT ) ds + hi 2 Ppl ( / gi{T)dT 


Taking t = 0 gives 


I'^lloo = 'w(O) < 


'*1 / ps 

) Vo 


T]ds + hi 2 Ppl[ I giiT)dT 


— 777-1 Halloo ? 

7771 


a contradiction. 

• Let be ||n||oo 7 ^ 0. 

Reasoning as in Lemma [3^ we distinguish the cases au,v <1/2 and au,v >1/2. 
In the hrst case we have 


l^lloo = ||?2(n,n)||oo = T2{u,v){au,v) 


P^u.v 

[ ^V2 

Jet 




ff 2 ('r)/ 2 (T,n(T),n(r))(iT ds 


+ B 2 

< RT-2||^^||oo 

< RT-2||^^||oo 


( p^u,v 

g2{T)f2{T,u{T),v{T))dT 

‘^U,V \ 

g2{T)dT \ ds + h22Pfl 
jj 92ir)dT j ds + h22Pf^ f j 


Tp2 




52 (r) dr 


1 


g2{r)dT < m2||n||oo— , 
/ / rn2 


a contradiction. 

The proof is similar in the last case au,v > 1/2. 

(2) Assume, on the contrary, that there exists {u,v) G K such that {u,v) = T{u,v) and(n, n) 7 ^ 
(0,0). We distinguish two cases 
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• Let be ||it||oo / 0. Then, for t G [ai,bi] = [0, 6 i], we have 
u{t)= j gi{T)fi{T,u{T),v{T))dT] ds + Bi ff / gi{T)fi{T,u{T),v{T))dT 


> 


> 


> 


> 


It (/ 5i('r)/i(r,u(r),i;(T))dT 

It (/ 9i{T)fi{T,u{T),v{T))dT 

^ (/ ^I (_/! gii'^)‘fpiici\Moo) dr 

^Ci||u||oo ‘^Pi (^J giiT) dr^ ds + huif-^ gi{T)d- 


For t = 0 we obtain 


ll(0) — ||ll||oo ^ -^1 ||l^||oo ) 


a contradiction. 

• Let be HiiUcxd / 0. We examine the case au,v > b 2 - We have 

r^u^v / r^u,v \ 

\v\\oo = v{au,v) = T 2 {u,v){au,v) = J ij g 2 {T)f 2 {T,u{T),v{T))dT \ ds 


+ B2{ If, 


^P 2 


52 (T)/ 2 (r,u(r),i;(T))dT 


> 


rb2 / rb2 \ / rb2 

/ ^P 2 [ 52(r)/2(r,u(r),i;(T))drj ds + /i 2 iV?“M / 52 (T)/ 2 (r, u(r), i;(t)) dr 

J a2 \^s / V-/a2 


^2 „ „ 

> -C2||f||oo 

C2 


°°M 2 ’ 


a contradiction. By similar proofs, the cases 0 < au,v < ^2 and 02 < cru,v < ^2 can be 
examined. 


(3) Assume, on the contrary, that there exists (u, n) G A such that {u,v) = T{u,v) and 
{u,v) / (0,0). If ||rt||oo / 0 then the function /i satisfies either ()4.1I) or (14.21) and the proof 
follows as in the previous cases. If ||f ||oo 7^ 0 then the function /2 satisfies either (14.ip or (|4.2I) 
and the proof follows as previous cases. □ 


5. An example 

We illustrate in the following example that all the constants that occur in the Theorem 13.61 
can be computed. 

Consider the system 

{(Pp^{u')y{t) + gi{t)fi{t,u{t),v{t)) =0, tG(0,l), 

iV’p2iv')yit) + g2it)f2it,u{t),v{t)) =0, te ( 0 , 1 ), 


subject to boundary conditions 

(5.2) n'(0) = 0 , n(l) + B^ (n'(l)) = 0, i;(0) = B 2 (i;'(0)) , i;(l) = 0, 
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where Bi and B 2 are defined by: 


Bi{w) = < 


w, w <0, 

f, 0 < w; < 1 , 

W 

k 6 '3’ 


^ + i w>i, 


and 


-82 (in) = 


f, 0 < w < 1, 

f+ |, in>l. 


Now we assume gi = g 2 ^ 1- Thus we have 

1 Pi - 1 


mi 


Pi 


+ /il 2 , 


and 


1 

_ P2 - 1 , 

m2 

P2 

1 

1 

Ml “ 

Ml [0,61] 

1 

— min 

2 a2<v<b2 

/P2 - 1 

V P2 


P2 

Do — 1 


1 \ P 2-1 


+ h22 (2 


m - 1 

PI J- ,pi-i , 1 _ APi-i 


6 ^-^ +/iii6r 


Uo — 1 / P2 P2 \ 1 \ 

- (^(p - 02)^2-! + (1)2 - v)P2-^j + /l2l(p - a2)*’2-l j 


The choice pi = |, p2 = 3, 61 = |, 02 = | , 62 = hn = 1/6, /ii2 = 1/2, fi2i = 1/9 and 
fi22 = 1/3 gives by direct computation; 

Cl = ^; C2 = mi = 1.2; Mi = 5.78571; m2 = 2.12132; M2 = 9.14497. 

Let us now consider 


1 2T 1 

fl(t,U,v) = —(u'^ + t^v^) + —, f 2 {t,u,v) = (tu)^ + lOu®. 

lb 50 

Then, with the choice of pi = P 2 = 1/20, ri = 1, r2 = 2/3, si = S2 = 9, we obtain 
inf|/i(t,u,u) : (t,u,v) G [0, x [0,pi] x [0,^2]} = /i(0,0,0) = 0.54 > yjMipi = 0.538, 

snp^fi{t,u,v) : {t,u,v) € [0,1] x [0,ri] x [0,r2]| = /i(l,ri,r 2 ) = 0.62 < y/mm = 1.095, 
inf|/i(t, M, u) : (t,u,v) G [0, 2/3] x [cisi, si] x [0, S 2 ]| = /i(0, cisi,0) = 5.602 > Misi = 1.247, 
sup|/2(L'«,^.’) : {t,u,v) G [0,1] X [0,ri] x [0,r2]| = / 2 (l,ri,r 2 ) = 1.260 < {m 2 r 2 f = 2, 

inf|/2(t,u,i;) : (t,u,v) G [^, |] x [0, si] x [C2S2, S2]| = f 2 {t, 0 , 0282 ) = 14778.9 > (M2S2)^ = 6774.07. 

Thus the conditions j_)*) (l} 2/3) (^9. g) are satisfied; therefore the system (ISTD-dSJ) 

20 ’ 20 ’ ' ’ 

has at least two nontrivial solutions {ui,vi) and {u 2 ,V 2 ) such that 1/20 < ||(mi,i;i)|| < 1 and 
1 < ||(w2,'y2)|| < 9. 
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